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ABSTRACT 

1. Background 

%lifman. $d”shreY”* and za*ilarov CS”T) nugBe*ted several years ago (11 

Th.%L one could use the dispersion relations for Nepoint function. in qcn in 

coabioatian “iCh first-order perL”rbafion theory and the operator product ex- 

pension to relate the maSEeS of quark-anriquart bound states to fundamenral 

pacameters io the field theory. Illhe sv7 procedure (CO be sketched belou) has 

bee” “54 LO corre,ace the mas5e5 allid spin splittings of a large “lrmber of 

meson [l-4, ad baryon ,51 states* and LO determine the values of such Q20 

parameters as the jJl”O” condensare parameter ~OIC~“C~IO~,thought to play a 

crucial role io quarr confinemenr. Itle Iits to hadronic masses have beeo 

remarkably euccessful. men the svz .etlwJ is applied. for example. to 

chnrmonium. “iLh the glue” condensare parameter ad,“*red to fit the ,,* ma**, 

the predictions for the Iso and b. , 2 masses agree viol the observed aa*ses 
. s 

to within l&30 He” 13.41. 

l-he striking phenomenologicsl SYCCeSS of Lhe svz method Ius been rather 

purzl‘ng. Ihe method requires dlar there be s CDmmo” regL3n of validity Of 

the operator pPa‘iuct expansion C”.a,ld for large q2 or short Euclidean the*, 

and Of a rrSona”Ce approXimaL‘0” for the dispersion inregral (valid for 

small q2 or long E”cllde.2” rimes,. It is “at ev‘dent chat E”Ch a region 

er‘ors. I” tact. Bell and BerrlmJ”” 16.7, Sh”e?d that the svz method falled 

LO give accurate ground state energies “hen applied LO realistic pmentia1 

models for heavy qi SyGcemS. Alfernacrly, it failed co reprwJuce the l”P”L 

poLe”rial because the potential parameters had f0 be ad,“sLed fO bring the 

svz predlcrlon ‘“LO agreement uittl the horn ground state energy. I” psrticu,ar. 

the p0Lenrfal-fheorya”alog af the *ho” condensate parameter was ““dere*rimared 



2. Ibe M rthod 

robe M ethod is based on the differentiaLed dispersion reiation or spectra, 

represenLatioo sarisfled by the C”rre”t-CYr*e”L Green funcrio” in qco. 
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*pplyin& the inverse Laplace transform (or Bore1 tr.3nsform11 

L-l(.)(r) = & jyy dE eET(.) to eg. (10) an.3 us‘“8 eq. (11,. Ye obtain the 

prenri.,-theory .Lx of eq. (4,. 
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Ihe series in eq. (12) is ,wr an angular projection af the exact Euclidean 

or imapinary-rime propagamr for Ll 
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our bet flrnr-order estimate far rtle energy e,, 1s rile0 obtained by m*“lmlal”g 

p(r). 
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=,I ~ = min(Ry(Tll . (17) 



4. mbe structure of the SYZ approximlt‘on 

IL Ls sllp,e to ShO” that the SYZ calC”,aL*aO of the s-state energy 

els gives . ra.,atiana1 upper bound on this q”antity. Ph.2 Bayleigh-Rirl. 

rariaficaal principle OfaLes that 

EIS 5 6% m’r- & v2 + “1 0 
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for an, nod‘red trial “ave function m(r). For e-o. the expression for 

(11 
5 in eq. (15) can bf “rltfe” a* 

Ul= L + 4 
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The imegra, g,ves the exprcLarl”n value Of ” for the nanna,ired trial “a”e 

fiinctioo 
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(201 

“here T is ncm tdentitlrd as the varIationa parameter. After c.1cu1atiog 

Lhe exprctatLm value of the rlnrLLc energy for this YeVC function, and 

using rq. (18,. Ye find rllac for any T > 0 [11.11, 

Q 5 pw - & s rp(rl (211 

seoce flS < ':" mpw1 = Efi', and Lk SYZ esc,mare for the energy 15 

alran bigher than the true energy. (A less genera, version of this result 

resrrlcred to s *pecia, class c,f povcr-la" pocenrlJ,s "as recently proved by 

3 
R;ll(T) + + "([CL+ +J1'2). (221 

(231 

“here Yeff is the c,as*,ca, effective porenr‘al for angular momentUrn L = e+ $ , 

” effw LZ = 2 + v(r) (241 
mqr 
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&I ; 
1L v. + A(“) 

II 
S,‘“(mqa2,-1’2 (I+ 4 

1 
m’(2w) . (25) 

*is rrsu1r agrees exactly in the dependence 00 L. mq, all.3 Y1 vith rile “-1 

NKB rrsu,c far Eni derived by Q”i@ and Rosner [IS, far pouer-la” potentials 

ally the Eoefficienr A(“) is ‘“correct (11,. The SYZ fitting procedure I” 

effect ad,usrs Y, to Compe”5at.z far the error in AC”, by alrerlng rile param- 

eters in Ihe *iven potenlia,. The re*u,t is a” m Simultaneous fit 

to * levels for “hiCh rtle approxiorCe potent,al is val1.i. “ith an i”- 

s* pocenricl,. 

I. svccesa and failure 

we Bumarize 0°C rciu,rs and c""c,uslans a9 follo"r: 

(11 The usual firrt-or&r svz oertlo.3 fur calculating the lo"e.5t s- 

srate energy EIS is equivaienr fO a Raylelgh-R‘rl var*ar,ana, ca1cu,at,an 

AS B recl>lr, the svz predlrcl"" for E,S LB ""expecredly successful even 

though the method uses only the leading terms ‘n the Large Qz operator 

prLx,uCL expansio" in the nmall q* region in "hkh the exrmsion converges 

"Cry slowly. 

(ii) sioce the "ariatiooal prediction for EIS a,uays*ies* Lh.2 true 

energy. rt,e pDreorial term in the sv-z formula m"*t always be al,wted & 

vard (e.*.. by reducing the analog of the *,uon condensare parameter, to 

bring the prediction into agreement "lfh the exact reS"lt4. The eilanges 

LIecessary may be quiLe large even "he" tile initial predicr‘on for E,S 10 

fairly aCC"rate [6.71. The svz merkd therefore fails as a device LO obtain 

reliable pOLencial (or QCO (8.91) parameters from hadrnnic masses. 

(iii) Par SlmmLh pofeotials, rile svz predictions for the ground state 

energies e,$ for differenr angular momenta P are connected by a0 approximate 

semiic,as.ical relation. This JWK-like re1arton guarantees that the pre- 

dicted energlee scale properly "iCh the pmentia1 StrengLh and quart mass. 

and erp1air.P the s of the merllcd in fitting ha‘hmk masses. 10 

parricular, uhen the ~o~enf‘sl (or QCO, parameters are adjusred in the SVZ 

procedvre to fit rhe 1Wez.L energies, e.g., in chamoium, the nearby eller- 

es Eli and the corresponding energies in "psilon‘um scale properly and 

are predicted accurately ~thollgh the parameters are incorrect. we 

‘lluslraie LhLS ll"mrr‘cally in Table 1 using the rea,,stic Coulomb-plus- 

linear Datentlal. 
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rile expansion, a formidable ta**. and is complicated by Lb appearance of 

ile- condensates “he” high-dimensian terms are fncluded. 
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1. Specifically, "(a) = llm 

Q2W= 

i!q! 1. -Ll Nn(_q*) 

I dQ '1 

m*=a 

The result is completely equivalent to ttlac abCai”ed bg applying am 

inverse Laplace transform to n. ignoring the additive constant vhich 

appearo I” eq. (11 for N=O. 
cc,= 

M(O) = L-1(n)(L7) = +$ 
I 

dq* P2 II-q*) 
c-i- 

*. we neglect *pin and consider O”lY the orblral eXC‘t.atlo”S of the qi 

system. 
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Table 1. cmpparisan of the exact ground state eoergies for the co”lomb-Pluo 

linear potenr1a1 v = -ar-l+br “iLh the paramerers of K.J. niuer 

md H.G. O,saon, mys. Rev. 0 25 (1982) 2383, “iLh the first order 
energies calculated by m‘nimirlog Lhe wz expnnencia1 moments func- 
tion $1). The masses of the charm ad bottom quart are m;1.35 GeV. 
a-4.7, a”. me last two cahmne give tile result* obtained -hen the 
potential parameters are modified so that the first order 1s and 1P 
clmrmonium energies are correct. 

a-0.49. b-o.,, cev* 
state (1) Elp,exact Elf Error 

(nevl (He”1 ok”) 

a-0.665, b-0.146 Ce”* 
(11 

51. Error 

(Me”) oh”) 

a-0.665, b-0.146 Ce”* 

(1) 
51. Error 

(Me”) oh”) 

ChW=WIY. 
1s 364 
1P 772 
lo ,060 
le l,OS 

“p8‘10,liUQ 
Is -98 
Lp 319 
lo 585 
1P 769 

508 flu4 
914 t142 

,221 flbl 
1487 fl82 

106 +*04 
179 f130 
714 Cl29 
905 +1x 

364 fitted 
772 fitted 

106, +, 
1314 +9 

-94 +4 
3‘1 -6 
281 -4 
767 -2 


